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We have developed an effective-medium theory within the coherent-potential approximation, which is es-
pecially suitable to retrieve the effective constitutive parameters �permittivity and permeability� of the aniso-
tropic magnetic metamaterials consisting of the ferrite rods. The anisotropy originates from the gyromagnetic
property of the ferrite material whose permeability is a tensor with nonzero off-diagonal components. To
confirm the validity of our method the photonic band structures of the two-dimensional periodic magnetic
metamaterials are calculated, which are in agreement with the effective-medium theory in the long wavelength
limit, in addition, even when a /�0�0.4 the effective-medium theory can still be applied, where a and �0 are
the lattice constant and the vacuum wavelength, respectively. The simulations on the electric field patterns for
a plane wave illuminated on the magnetic metamaterials and the equal-size effective scattering objects are
performed, the results corroborate the effectiveness of the effective-medium theory once again. We also per-
form the simulation for the metamaterial composed of disordered ferrite rods, which is still in agreement with
the effective-medium theory, suggesting the powerfulness of the effective-medium theory. Moreover, our
results suggest that the anisotropy must be considered exactly in order to retrieve the effective constitutive
parameters accurately.
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I. INTRODUCTION

Metamaterials are composite structured materials com-
posed of subwavelength building blocks, which exhibit novel
and unique electromagnetic �EM� properties, not occurring
in nature. A particularly important class of such materials is
the negative refractive-index metamaterials �NIM�.1,2 Since
the first realization of the NIM by Smith et al.,3 various new
samples are proposed and proved to possess the negative
refractive index.4–9 To investigate and characterize the opti-
cal properties of the metamaterials, it is crucial to retrieve the
effective constitutive parameters �permittivity and perme-
ability�. Many works have been done to deal with the issue
and great progress has been made,10–16 among which homog-
enization scheme for bianisotropic metamaterials is brought
forward.16 However, since most metamaterials designed base
on the Pendry’s scheme, concretely, an array of metallic
wires to provide negative permittivity17 and an array of split-
ring resonators to provide negative permeability,18 most
theories developed are particularly applied to such systems.

Very recently, it has been demonstrated that a novel
metamaterial consisting of only the ferrite rods exhibit excel-
lent negative refractive behavior.8 The optical properties of
the thus designed NIM is magnetically tunable, it is, there-
fore, a magnetic metamaterial �MM�. Since the gyromagnetic
property of the ferrite material, its magnetic permeability is a
tensor with nonzero off-diagonal components. Different from
the anisotropy originated from the geometric asymmetry, the
MM is from the material itself, consequently, it is intrinsic.
Therefore, to retrieve the complete optical properties of the
MM, the anisotropy must be considered from the beginning
of the effective-medium theory �EMT�. The gyromagnetic
property of the ferrite material has important implications, it
can lead to the broken of the time-reversal symmetry, which
is a critical aspect to design the one-way waveguide.19

The present work is devoted to develop an EMT espe-
cially for the anisotropic MM in two dimensions. The gyro-
magnetic property is considered exactly in the theory, the
effective constitutive parameters can be easily obtained by
applying the analytical equations obtained from the EMT. In
addition, it can be recovered to that for the metamaterials
consisting of the isotropic dielectric rods after
simplification.14 To corroborate the effectiveness of our
method, the band structures have been calculated within the
multiple-scattering method, which are in good agreement
with the EMT. The electric field patterns have been simu-
lated as well for a real MM, an effective equal-size object,
and also a real MM with position disorder introduced, which
suggest that the consideration of the anisotropy is necessary
to retrieve the genuine optical properties of the MM.

II. EMT FOR ANISOTROPIC MM

In this section, we present the formulation of the EMT for
anisotropic MM in two-dimensional �2D� case, generaliza-
tion to three dimensions is straightforward. The system is
made up of the ferrite rods arranged in a periodic structure
such as square lattice or hexagonal lattice. It should be
pointed out that even when the position disorder is intro-
duced, the method is still applicable. For convenience, we
take square lattice as an example to expatiate the theory. The
geometry of the system is illustrated in Fig. 1 where the base
vectors �a1�= �a2�=a with a the lattice constant. The ferrite
rods with permittivity �s and tensor permeability �̂ are ar-
ranged periodically in the isotropic homogeneous medium
�supposed to be air for convenience� with permittivity �0 and
permeability �0. The rod axes are along z direction and the
radii of the ferrite rods are rs. The gyromagnetic permeability
of the ferrite rods bears the form20
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where �0=2�	H0 is the ferromagnetic resonance frequency
with 	 the gyromagnetic ratio, H0 is the sum of the external
magnetic field and shape anisotropy field; �m=2�	Ms is the
characteristic frequency with Ms the saturation magnetiza-
tion; � is the damping coefficient; and � is the circular fre-
quency of the incident EM wave.

The scenarios of the EMT are as follows: �i� transform the
discrete periodic system in Fig. 1�a� into the effective me-
dium with effective constitutive parameters �eff and �eff in
Fig. 1�b�; �ii� take the unit cell of the MM as an equal-area
coated rod with ferrite rod as the inner core and the back-
ground medium as the coated layer with radius r0=a /�� for
the ferrite rods arranged as a square lattice, similarly, for the
MM with ferrite rods arranged as hexagonal lattice, the cor-
responding radius of the coated layer is r0= ��43 /�2��a; �iii�
the effective constitutive parameters �eff and �eff are deter-
mined by the condition that the total scattering of a coated
rod in the effective medium vanishes in the long wave limit
keffr0
1 where keff=k0

��eff
��eff with k0 the wave number in

the vacuum.8,21,22 Actually, the EMT is still applicable even
when keffr0 is not very small, which can be confirmed from
our results thereafter. The concept of our theory is the so-
called coherent-potential approximation,22 which has been
used to retrieve the effective isotropic parameters for the
EM,14,23 acoustic,24 and even elastic metamaterials.25

In the 2D EM system, both the transverse electric �TE�
mode and the transverse magnetic �TM� modes are the eigen-
modes. For the TE mode the polarization of the magnetic
field is along z direction, parallel to the external magnetic
field, implying an isotropic constant permeability as can be
seen from Eq. �1�. Different from the TE mode, for the TM
mode the magnetic field polarizes in the xy plane, perpen-

dicular to the external magnetic field, resulting in the pre-
cessing of the magnetic dipoles in the ferrite. Consequently,
anisotropy is involved for the TM mode, this is the case to be
considered in present work. For the TE mode, the effective
constitutive parameters have been given in the literature
within the similar scheme.14

The theory is carried out in a similar manner as that of the
Mie theory. First, expand the EM waves in regions I, II, and
III of Fig. 1�b� by vector cylindrical wave functions
�VCWFs�

Ln
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with k as the wave vector, r=r cos �ex+r sin �ey as the po-
sition vector, �=kr, zn

�J���� as the Bessel function, Jn��� and
the first kind of Hankel function Hn

�1���� for J=1 and 3, re-
spectively. For the EM field in the region I, namely, in the
ferrite rod
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where ks=k0
��s

��s with �s= ��rs
2 −��s

2 � /�rs=1 /�rs� , �rs and
��s are given in Eq. �2�, and the superscript s means ks is
involved in VCWFs. In the coated layer area, i.e., in region II
the corresponding EM field components are
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where the superscript 0 implies k0 is involved in VCWFs.
Finally, in region III, we have

Ee�keff,r� = 
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where the superscript e implies keff is involved in VCWFs,
�re� and ��e� are defined by �re and ��e according to Eq. �2�
with �re and ��e the effective tensor permeability compo-
nents to be evaluated.

By matching the standard boundary conditions at r=r0, it
can be obtained that
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FIG. 1. �Color online� �a� A 2D anisotropic MM consisting of
the ferrite rods arranged periodically in the air background and �b�
its corresponding geometry in the effective-medium theory. The red
circles, light yellow region, and dark yellow region correspond to
the ferrite rods, the isotropic homogeneous background, and effec-
tive medium, respectively.
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with prefactor F=� / �2i�0�re� � and the matrix elements

A11 = − k0r0Jn��k0r0�Hn
�1��keffr0� + n�0��e� Jn�k0r0�Hn

�1��keffr0�

+ keffr0�0�re� Jn�k0r0�Hn
�1���keffr0� , �8a�
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A21 = − k0r0Jn��k0r0�Jn�keffr0� + n�0��e� Jn�k0r0�Jn�keffr0�

+ keffr0�0�re� Jn�k0r0�Jn��keffr0� , �8c�
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where k0=� /c corresponds to the vacuum wave number, and
keff=k0

��eff
��eff with �eff the effective permittivity and �eff

the effective isotropic permeability defined as20,26

�eff =
�re

2 − ��e
2

�re
�9�

according to the matrix elements �re and ��e of the
effective-tensor permeability with the form of Eq. �1�.

According to rule �iii� of the EMT, the coated rod located
in the effective medium in Fig. 1�b� subjects to null scatter-
ing, in other words, the total-scattering cross section of the
coated rod should be zero. According to the Mie theory, it is
given by14,27

Csca =
4

keff



n

�Dn
e�2, �10�

where Dn
e =bn

e /qn
e are the Mie scattering coefficients of the

coated rod in the effective medium. In the limit keffr0
1,
Csca is dominated by n=0, �1 terms in Eq. �10�. Accord-
ingly, only the angular momentums 0 and �1 need to be
considered in the EMT. Different from the isotropic case, for
the ferrite rod the Mie coefficients D−1

e and D1
e are not the

same. Taking account of Dn
e =bn

e =0, it is straightforward to
get

A21

A22
= −

bn
0

qn
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from Eq. �7�, where Dn
s are the Mie coefficients of the inner-

core ferrite rod, which are given by
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with

j = n��s� Jn�ksrs� + ksrs�rs� Jn��ksrs� ,

where rs is the radius of the inner-core ferrite rod, and �rs�
and ��s� are given in Eq. �2�.

Equation �11� is the master equation of the EMT for an-
isotropic MM. It can be simplified in the long wavelength
limit. Suppose keffr0
1 and k0r0
1, we can make approxi-
mations on Jn�x�, Jn��x�, Hn

�1��x�, and Hn
�1���x� in A21 and A22

with x=keffr0 or k0r0 for convenience. Then we have
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Taking consideration of z−n
�J�= �−1�nzn

�J�, we can make approxi-
mations for the corresponding terms with negative angular
momentum, where J=1,3 correspond to Jn and Hn

�1�, respec-
tively. With all these approximations, we can obtain the sim-
plified equations determining the effective permittivity �eff
and the effective permeability �eff,

8

�eff = �1 − f��0 + f �̃s, �13a�

�eff − �0

�eff + �0
= f
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where f is the filling fraction with f =rs
2 /r0

2 and

�̃s = 2�sF2�xs�, F2�xs� = J1�xs�/�xsJ0�xs�� ,

�̃s = �sG2�xs�, G2�xs� = J1�xs�/�xsJ1��xs�� ,

� = −
�1 − f��0

2���/�r�2��̃s/�s�2

�1 − f��0 + �1 + f��̃s

with xs=ksrs. It is noted that if �� is set to be zero, Eq. �13�
can be recovered to that for the isotropic case.14

III. EFFECTIVE CONSTITUTIVE PARAMETERS
AND PHOTONIC BANDS

With the EMT developed we have calculated the effective
constitutive parameters for an anisotropic MM composed of
the periodically �square lattice with lattice constant a
=8 mm� arranged ferrite rods with the radii rs= 1

4a=2 mm,
the permittivity �s=15, and the saturation magnetization
Ms=1750 Oe. The effective permittivity �eff and permeabil-
ity �eff are calculated with the anisotropic MM under the
magnetic field H0=500 Oe. The results are shown in Fig.
2�b� where the red solid line and the blue dashed line corre-
spond to �eff and �eff, respectively. To confirm the validity of
the results the corresponding photonic band structure is cal-
culated with the multiple-scattering method �MST� as shown
in Fig. 2�a�. It should be pointed out that for the simulta-
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neous positive or negative constitutive parameters,8 there ap-
pear photonic bands in the photonic band structure. While for
a single negative/positive constitutive parameters, there ap-
pear photonic band gaps, in the photonic band structure,
originated from electric or magnetic resonance.

In the frequency range 0.05��a /2�c�0.075, both �eff
and �eff are positive, implying a positive refractive index,
which corresponds to the first photonic band. Near to the
frequency �a /2�c=0.075 resonances appear for both �eff
and �eff, leading to the formation of the photonic band gap
and the flat bands. Actually, the flat bands originate from
spin-wave resonance, which corresponds to �rs=�rs� =0.
From Eq. �2� it is easy to obtain the frequency of the spin-
wave resonance �spin=��0��0+�m�=0.08·2�c /a, which lo-
cates at the top of the flat bands in Fig. 2�a�. After the spin-
wave resonance �eff and �eff become positive again,
corresponding to the photonic band in frequency regime
0.08��a /2�c�0.1. At the frequency near to 0.1 another
�eff resonance appears, corresponding to the flat bands and
the photonic band gap nearby in Fig. 2�a�. The resonance
arises from the magnetic surface-plasmon resonance of the
ferrite rod, which was discussed detailedly in literature.28

Above the resonance both �eff and �eff are positive until the
appearance of the second �eff resonance, which correspond to
the photonic band in the frequency regime 0.12��a /2�c
�0.24 and the photonic band gap above, respectively.

Approximate the ferrite material as an isotropic medium
with permeability ��rs

2 −��s
2 � /�rs, we also calculate the cor-

responding effective constitutive parameters and photonic
band structure, as shown in Figs. 2�d� and 2�c�, respectively.
The effective constitutive parameters and the photonic band
structure are in good agreement with each other as well.
Different from the anisotropic case, the second �eff reso-
nance do not induce the photonic band gap because of the
degeneracy at high-symmetry point M. Comparing Figs. 2�b�
and 2�d�, we can find except the frequency regime around the
second �eff resonance, the results are nearly the same, which
can also be seen by comparing Figs. 2�a� and 2�c�. It is

indicated that in the usual case it is a reasonable approxima-
tion to take the permeability of the ferrite material as an
isotropic one, while in the frequency regime around the
surface-plasmon resonance to ensure the accuracy of the
EMT, the anisotropy of the ferrite material must be consid-
ered.

The EMT is the method operating at long wavelength
limit, consequently, we have calculated the photonic band
structures near the � point with the MST and the EMT, as
shown in Fig. 3�a� where the red solid lines are the results
from the EMT and the blue circles correspond to those from
the MST. The effective constitutive parameters calculated
with the EMT are presented as well in Fig. 3�b� where the
red solid line and the blue dashed line correspond to the
effective permittivity and effective permeability, respec-
tively. The parameters used are the same as those in Figs.
2�a� and 2�b�. It can be seen from Fig. 3�a� that for the
frequency �a /2�c�0.1 the photonic band structures from
two methods are almost the same, suggesting the accuracy of
the developed EMT. For the last band at the frequency
�a /2�c�0.16 the difference appears near the zone bound-
ary. However, it does not mean the EMT is not effective
since it locates near to the electric resonance where keffr0
does not satisfy the condition keffr0
1. Actually, our results
suggest that even when a /�0 approaches to 0.4 and k0rs
=0.6 the EMT is still effective.

IV. MERITS OF THE EMT FOR THE ANISOTROPIC MM

To investigate the effect of anisotropy on the optical prop-
erties of the anisotropic MM. At frequency f =4 GHz we
have performed the simulations on the electric field intensity
patterns of a plane wave illuminated on a cylinder composed
of anisotropic MM with radius R=10a and an equal-size
effective cylinder with the effective permittivity �eff=4.1
+ i910−4 and the effective permeability �eff=−0.8+ i7
10−3 defined by Eq. �9� with �re=0.4+ i110−3 and ��e
=0.7+ i910−4. The ferrite rods involved possess the same
parameters as in Fig. 2, in addition, the absorption is consid-
ered as well by taking the damping coefficient �=310−4

FIG. 2. �Color online� In the low-frequency range �a /2�c
� �0.05,0.3� the photonic band structures calculated with the MST
are presented for the anisotropic �a� and isotropic �c� MM, respec-
tively, the corresponding effective constitutive parameters calcu-
lated with the EMT are presented as well in �b� and �d� for the
anisotropic and isotropic MM, respectively, where the red solid
lines represent the effective permittivity and the blue dashed lines
represent the effective permeability.

FIG. 3. �Color online� The photonic band structures calculated
with the MST and the EMT, denoted with blue circles and red solid
lines, respectively �a�. The effective constitutive parameters calcu-
lated with the EMT are presented as well �b� for the comparison
with �a� where the red solid line and the blue dashed line denote the
effective permittivity and permeability, respectively.
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and the permittivity �s=15+ i310−3. The results are shown
in Figs. 4�a� and 4�c�, respectively, where the ferrite rods that
make up the anisotropic MM are denoted with the circles as
shown in Fig. 4�a�, while the boundary of the effective cyl-
inder is marked with the dotted circle as shown in Fig. 4�c�.
Compared Figs. 4�a� and 4�c�, it is obvious that the electric
field intensity patterns are almost the same, indicating the
effectiveness and the accuracy of the EMT. Moreover, the
asymmetry of the pattern confirms the necessity to take ac-
count of the anisotropy of the permeability. To examine
quantitatively the effect of the anisotropy of MM on the op-
tical properties, the electric field intensity around the circles
with radius R�=15a for panels �a� and �c� are plotted in Fig.
4�e�, where the red solid line and the blue dashed line are the
results corresponding to panels �a� and �c�, respectively. Note
in passing that the angle � is defined in the manner that
positive y axis is taken as 0° for the convenience of compari-
son. It can be seen clearly that the results from EMT recover
exactly those from the rigorous MST, which suggests once
again the accuracy and the robustness of the developed EMT.

By approximating the ferrite rod as an isotropic material
with the permeability �s= ��rs

2 −��s
2 � /�rs, we also present the

electric field intensity patterns of the cylinder composed of
isotropic MM with radius R=10a and the equal-size effec-
tive cylinder with the effective permittivity �eff=3.3+ i� and
the effective permeability �eff=2.2+ i310−3, as shown in
Figs. 4�b� and 4�d�, respectively, where � is a negligibly

small quality �10−5. The corresponding quantitative results
around the circles with radius R�=15a are given as well in
Fig. 4�f�. By comparing panels �b�, �d�, and the red solid,
blue dashed lines in panel �f�, it can be seen that the results
are in good agreement with each other. However, the electric
field intensity pattern corresponding to the realistic system
�panel �a�� cannot be recovered, indicating that approximat-
ing ferrite as an isotropic material is incorrect at this fre-
quency. Examining the effective constitutive parameters, we
can find when considering the permeability as a tensor, the
effective permittivity and permeability obtained from the
EMT are positive and negative, respectively, suggesting the
appearance of a photonic band gap as shown in Fig. 2�a� at
�a /2�c=0.107. Accordingly, the electric field intensity in-
ner the cylinder is nearly zero. Nonetheless, when consider-
ing the permeability as an isotropic one, the effective consti-
tutive parameters are both positive, corresponding to the
photonic band as shown in Fig. 2�c�, suggesting a field pat-
tern inner the cylinder. Consequently, it is necessary to take
account of the gyromagnetic property of the ferrite rod in-
stead of approximating it as an isotropic one.

In the EMT, the anisotropic MM is considered as a ho-
mogenous anisotropic EM medium, accordingly, the effec-
tive constitutive parameters retrieved from the EMT do not
depend on the lattice structure of the ferrite rods. For this
reason we can expect that the EMT is still effective even
when position disorder of the ferrite rods is introduced. To
examine the issue we have performed the simulation on the
electric field intensity pattern of a plane wave illuminated on
a cylinder composed of anisotropic MM with radius R
=10a. Position disorder is introduced in the manner that the
displacement of each ferrite rod from its original position is
defined as di=� ·� ·di0 with i=x or y, � is the random num-
bers uniformly distributed between −0.5 and 0.5, � is the
quantity measuring the degree of disorder, and di0=a−2r is
the maximum variation in the position within a unit cell for a
square lattice. The result is given in Fig. 5�a� where the dis-
ordered circles denote the ferrite rods with the degree of the
position disorder �=1 to avoid the overlap of the neighbor-
ing ferrite rods and the other parameters are the same as
those in Fig. 4�a�. The electric field intensity pattern of its
equal-size effective one is also presented in Fig. 5�b� for
comparison. It is obvious that except the local field near to
the ferrite rods around the boundary, the electric field inten-

FIG. 4. �Color online� �a� The electric field intensity pattern of a
plane wave illuminated on a cylinder composed of anisotropic MM
with radius R=10a and �c� its equal-size effective one. �b� The
corresponding electric field intensity pattern of a plane wave illu-
minated on the cylinder composed of isotropic MM with radius R
=10a and �d� its equal-size effective one. The electric field intensity
around the circles with the radius R�=15a in panels �a�, �c�, and �b�,
�d� are presented in panels �e� and �f�, respectively. The red solid
lines and the blue dashed lines correspond to the electric field in
panels �a� and �b�, and panels �c� and �d�, respectively.
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FIG. 5. �Color online� The electric field intensity patterns of a
plane wave illuminated on a cylinder composed of anisotropic MM
with radius R=10a �a� and its equal-size effective one �b�. Different
from Fig. 4�a�, position disorder of the ferrite rods has been intro-
duced for the anisotropic MM. Actually, �b� is Fig. 4�c�, presented
here is just for the comparison with �a�.
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sity patterns in Figs. 5�a� and 5�b� bear close resemblance,
suggesting the effectiveness of the EMT for anisotropic MM
with disorder involved. It is noted that the electric intensity
pattern is also similar to that of the anisotropic MM without
disorder as shown in the Fig. 4�a�, which can be justified
from the fact that the average filling ratios of the ferrite rods
in the above two configurations are the same. In addition, the
EM wave cannot discern the position variation in the ferrite
rods in the long wave limit so that for a fixed rod the scat-
tering from all the other rods can be considered as a homog-
enous background in the coherent-potential approximation.

V. CONCLUSION

In conclusion, we have developed an effective-medium
theory for the anisotropic MM, which is proved to be pow-
erful in retrieving the effective constitutive parameters. Com-
parison between the photonic band-structure calculations and
the theory suggests that the EMT applies very well when

a /�0�0.3 and k0rs=0.6, and even when a /�0 is close to 0.4
and the disorder is introduced the theory is still in good
agreement with the photonic band-structure calculations. In
addition, it is suggested that in the usual case it is a reason-
able approximation by taking the ferrite as an isotropic ma-
terial with permeability ��r

2−��
2� /�r, however, at the fre-

quency around the magnetic surface-plasmon case is
different. Consequently, to understand the optical properties
of anisotropic MM correctly it is necessary to take the gyro-
magnetic property of the ferrite material exactly into ac-
count.
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